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We investigate spectral behavior of phonon spectral functions in an interacting multi-component
hot carrier plasma. Dielectric polarization functions are formulated so that they satisfy Dyson
equations of the effective interactions among plasma components. We find a useful sum rule giving
simple relation between plasma-species resolved dielectric functions. Spectral analysis of various
phonon spectral functions is performed considering carrier-phonon channels of polar and nonpo-
lar optical phonons, acoustic deformation-potential, and piezoelectric Coulomb couplings. Effects
of phonon self-energy corrections are examined at finite temperature within a random phase ap-
proximation extended to include the effects of dynamic screening, plasmon–phonon coupling, and
local-field corrections of the plasma species. We provide numerical data for the case of a photo-
generated electron-hole plasma formed in a wurtzite GaN. Our result shows clear significance of
the multiplicity of the plasma species in the dielectric response and phonon spectral functions of a
multi-component plasma.
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I. INTRODUCTION
Photo-generated hot electrons and holes in semi-
conductors form a multi-component plasma (mcp)
separated in the reciprocal space and have recently
gained renewed interest because of their practical im-
portance in application to short-wavelength optoelec-
tronic devices [1–5]. In solid state plasmas formed
in doped polar semiconductors, longitudinal phonons
and plasmons are strongly coupled through their
macroscopic electric fields, and if the frequency of
plasma is comparable to that of the phonon, the mode
coupling of these excitations is maximized leading
to the formation of coupled plasmon–phonon modes
[6]. The coupling problems of these excitations be-
tween the longitudinal optic (LO) phonons and plas-
mons in a single-component plasma (scp) such as of
doped semiconductors have been investigated exten-
sively both theoretically and experimentally [7] in-
cluding experimental confirmation in Raman scatter-
ing measurements [8–10].
In a mcp, different plasma species responds dif-
ferently to an external disturbance resulting in non-
identical multiple polarization functions. In a multi-
component electron–hole plasma, in addition to the
well-known compressive optic plasmon–LO phonon
coupling of the scp [11], low-frequency acoustic (AC)
collective oscillations also occur [12]. The acoustic
plasmon mode is a low-frequency plasma density os-
cillation due to in-phase motion of electrons and holes
similar to the case of AC phonons [13–15]. Since the
number of plasma components modifies the response
functions of the system, the mcp would support a
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great variety of spectral behavior giving rise to novel
features (absent in the scp) such as the coupling of
individual plasmons to polar optical phonons. The
mode coupling properties are expected to depend on
the plasma species, because the dispersive behavior of
self-sustaining oscillations varies for different plasma
species [5].
Phonon spectral function of a solid state plasma
is characterized by the behavior of coupled plasmon–
phonon modes through carrier-phonon interaction (in
addition to the individual properties of phonons and
carriers) and depends strongly on the nature of the
screening and collective behavior of the carriers. For
example, Jain and co-workers proposed a coupling of
LO phonons to quasiparticle excitations (QPE) and
studied its effect on the hot electron energy loss rate
at low temperature in a single-component electron
plasma [16]. However, little is known about the na-
ture of the low energy coupled phonon–QPE modes,
and the spectral behavior of the QPE modes. Since
there are several polarization functions in the case of
a mcp, a careful examination of the spectral behavior
is required. The spectral behavior in a mcp is ex-
pected to be quite involved and different from that of
a single-component one [17]. The effects of dynamic
screening of plasma species on collisional broadening
of the phonon spectral function need be clarified in a
systematic way in a mcp–phonon coupled system.
The purpose of this paper is to map out vari-
ous phonon spectral functions of a mcp in the ω–
q plane and analyze their behavior in detail to elu-
cidate the effects of dynamic screening and various
plasmon-phonon coupling at finite temperature. The
dynamic screening of the carrier–phonon interactions
is included by extending the random phase approxi-
mation (rpa) to take into account local-field correc-
tions (LFCs) of carriers, and carrier–phonon coupling
channels of polar and nonpolar optical phonons are
considered. We present numerical results applied to
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2TABLE I: Material parameters used for a wurtzite GaN
GaN references
∞ optical dielectric constant 5.35 [19]
0 static dielectric constant 9.7 [20]
ωLO LO phonon energy (meV) 92 [21]
ωTO TO phonon energy (meV) 66 [21]
mc/m0 electron effective mass 0.22 [22]
mhh/m0 heavy hole effective mass 1.30 [22]
mlh/m0 light-hole effective mass 0.3 [22]
ρ average mass density (g/cm3) 6.15 [20]
Ec conduction band acoustical
deformation potential (eV)
5 [23–25]
Ev valence band acoustical
deformation potential (eV)
2 [26]
D optical deformation potential (eV/cm) 109 [27]
s mean sound velocity (cm/s) 7.67× 105 [28]
the case of electrons and holes optically generated in a
solid focusing our study on the influence of dynamic
screening and plasmon–phonon coupling on various
phonon spectral functions. A brief account of some
preliminary analysis on dielectric responses in a mcp
has recently been reported [18]. We briefly review the
formulation of dielectric responses and phonon spec-
tral function of a mcp in Sec. II and discuss results
in Sec. III for the cases of optically excited wurtzite
GaN. The main conclusion of our study is in Sec. IV.
Table I shows the physical parameters of a wurtzite
GaN used in our numerical calculation of polariza-
tion and dielectric response functions for an ideal-
ized mcp. In GaN, the formation of hot electron-hole
plasma is expected for carrier densities larger than
1018 − 1019cm−3 [29]. In a wurtzite GaN, the band
extrema of conduction and valence bands are located
at the center of the Brillouin zone, the former being of
Γ7 symmetry and the latter splitting into heavy-hole,
light-hole, and split-off bands [30]. As one increases
the degree of photo excitations, the number of plasma
species can be tuned from a two-component (conduc-
tion electron–heavy hole) plasma at weak excitation
and a three-component (conduction electron–heavy
hole–light hole) one at strong excitation.
II. FORMULATION
We consider a mcp produced in an intrinsic semi-
conductor, by optical excitations, generating elec-
trons in the conduction band and various holes in
the valence bands.
Here we describe the formulation of dielectric re-
sponse functions of a mcp and their application to
a study of phonon spectral functions of the system.
The phonon spectral behavior of a solid state plasma
would dependent on the carrier screening and scat-
tering channels (distinguished by a parameter j) of
various carrier–phonon interaction H
(j)
c−ph via a spe-
cific coupling of carrier (c) and phonon (ph). Here
j denotes various types of phonons with either po-
lar or nonpolar character. Specific scattering chan-
nel dependent carrier–phonon interaction is written
as [33–35]
H
(j)
c−ph =
∑
kqν
M (j)q,ν nˆk+q,ν
(
a(j)q + a
(j)†
−q
)
, (1)
where nˆk+q,ν(= c
†
k+q,νckν) and M
(j)
q,ν (= M
(j)∗
−q,ν) are
the Fourier transform of the carrier density operator
nˆ(r) and the matrix element of carrier–phonon cou-
pling for the phonon mode ωqj with distinct polar-
ization, respectively. (See Appendix for further dis-
cussion on various matrix element M
(j)
q,ν used in our
computations.) Here q and k denote vectors ~q and
~k, respectively, and ckν (c
†
kν) is the ordinary anni-
hilation (creation) operator of a carrier in the band
ν and a
(j)
q (a
(j)†
q ), the annihilation (creation) opera-
tor for a phonon with frequency ωqj [36]. Carrier–
phonon interaction induces transition |i〉 → |f〉 of
energy Ei = E
c
i +E
ph
i and Ef = E
c
f +E
ph
f . We con-
sider the case that carriers (electrons and holes) and
the lattice are weakly coupled so that carrier–phonon
interaction H
(j)
c−ph would be treated as a perturbation.
A. Dielectric response functions
The carrier-carrier interaction introduces dielec-
tric screening and would weaken the carrier-phonon
coupling. As an illustration of linear response of a
mcp, we consider an electron–hole plasma, a two-
component plasma (2cp), subject to a weak exter-
nal potential field φext(q, ω) caused by some external
test charge distribution ρext. Electrons and holes re-
spond differently to an external disturbance result-
ing in nonidentical polarization functions Πrpaνν (q, ω)
(ν = e or hh). The potential field φext(q, ω) gives rise
to corresponding potential energy V iext for a carrier of
type i. Here i denotes different species of the plasma
3and we limit our consideration to the simplest case
of a nondegenerate valence band in order to simplify
our discussion, i.e., i = 1 (2) for electrons (holes) of
the plasma. We note that V iext(q, ω) = eiφext(q, ω)
for the carriers of electric charge ei = ∓e, where −e
is the elementary charge of an electron.
The external potential will cause changes in den-
sities of each plasma species, and the charge density
fluctuation δρi in the i
th component is written as
δρi(q, ω) =
∑
ij
Πij(q, ω)V
j
ext(q, ω), (2)
where {V 1ext, V 2ext} are the carrier density probe and
Πij(q, ω) is the reducible polarization propagator –
the Fourier transform of the density-density response
function of a mcp. That is, Re Πij(q, ω) is a measure
of the response of an electron liquid to a bare external
disturbance. The imaginary part of the retarded po-
larization function, Im Πij(q, ω), is directly linked to
the real part of the conductivity – a measure of dissi-
pative processes, in which quanta of wave number q
and frequency ω are absorbed by the carriers in the
plasma. Now, the density fluctuation δρi(q, ω) intro-
duces polarization field to the carriers in the plasma,
and the effective (self-consistent) potential energy of
a carrier in the ith plasma component is given by
V iet(q, ω) = V
i
ext(q, ω) +
∑
j
ψij(q, ω)δρj(q, ω). (3)
Here the second term on the right hand side denotes
the additional potential due to the polarization of the
system, and ψij (6= ψji in general) is the effective in-
teraction between carriers of the ith and jth compo-
nents including exchange and correlation effects. In
general, ψij is nonlocal and need be determined self-
consistently because exact expression for ψij is not
available. Within the local density functional scheme
of Kohn and Sham [37, 38], ψij can be represented as
ψij = vij [1−Gij(q)] with vij = 4pieiejκq2 and generalized
local-field corrections Gij(q) as of Hubbard [39, 40].
Here κ is the background dielectric constant of the
material. Our discussion on the exchange–correlation
effect of carriers parallels that of Kukkonen and Over-
hauser [38] and Hedin and Lundqvist [41] but with
extension to the case of mcp [42]. (For our conve-
nience, we will minimize reminding the wave-vector
and frequency dependences of the quantities explic-
itly in each expression now on. For example, Πij(q, ω)
will be written as Πij .)
The density fluctuation δρi can also be determined
by treating the plasma as a noninteracting system re-
sponding to the self-consistent effective potential V iet
such as
δρi(q, ω) = Π˜i(q, ω)V
i
et(q, ω). (4)
Here Π˜i denotes the temperature-dependent proper
polarization function of the multi-component many
carrier system and describes the response of a plasma
component of type i to the effective potential V iet,
the sum of the external and polarization potentials.
Hence Π˜i is a measure of the density fluctuation in-
duced by a screened external charge ρ˜iext(= ρ
i
ext/ε˜).
Combining Eqs.(3) and (4) gives rise to coupled
equations of δρi and δρj . One can easily solve the
equations for δρi and δρj in terms of V
i
ext and V
j
ext to
write(
δρ1(q, ω)
δρ2(q, ω)
)
=
(
Π11 Π12
Π21 Π22
)(
V 1ext(q, ω)
V 2ext(q, ω)
)
, (5)
where individual components of the polarization
propagators Πij(q, ω) are now given by
Πii = Π˜i(1− Π˜jψjj)/∆ (6)
for the intra-species (diagonal) parts [(i, j) = (1 or 2)]
and
Πij = Π˜iΠ˜jψij/∆ (7)
for the inter-species (off-diagonal) parts (i 6= j).
Here ∆ is defined by ∆ = 1 − Π˜1ψ11 − Π˜2ψ22 +
Π˜1Π˜2(ψ11ψ22 − ψ12ψ21) and plays the role of the ef-
fective dielectric function in a mcp. (See Eq. (23)
below.)
In the mean-field rpa, the proper polarization
function Π˜i is replaced with the noninteracting ex-
pression commonly known as Lindhard polarizabil-
ity Π0ii(≡ Π0i for simplicity of notation). It means
that the effects of many-body correlations are ne-
glected to let the effective pair interaction ψij become
the bare Coulomb interaction vij(= vji) = ∓v with
v = 4pie2/(κq2). The generalized noninteracting po-
larization function Π0ij is given by [43, 44]
Π0ij(q, ω) = 2
∑
k
f
(0)
k+q,i − f (0)k,j
εk+q,i − εk,j − ~ω − iη , (8)
where f
(0)
k,j is the temperature dependent carrier dis-
tribution function. The Lindhard-type expression of
Eq. (8) is analogous to the case of spin-resolved ex-
pression in a multi-component spin system [42]. The
intra and inter-species components of the polarization
propagator Πij are written, in the rpa, as
Πrpaii = Π
0
i (1− vΠ0j )/
[
1− v(Π0i + Π0j )
]
(9)
and
Πrpaij = −vΠ0iΠ0j/
[
1− v(Π0i + Π0j )
]
. (10)
We note that ∆rpa = 1 − v(Π01 + Π02) is the effective
macroscopic dielectric function rpaeff in a mcp. (See
further discussion on eff below.) Further reducing
to the case of single-component system such as in
doped semiconductors, we have Πrpaii = Π
0
i /(1−vΠ0i ),
the well known expression of mean-field polarizabil-
ity [43]. Since Π0ii(q, ω, T ) is a complex function,
the real and imaginary parts Re Πii(q, ω, T ) and
4Im Πii(q, ω, T ) can be expressed in terms of Re Π0ii
and Im Π0ii, which are given, respectively, by [45, 46]
Re Π0ii(q, ω;T ) =− gi
∫ ∞
0
dx
F (x, T )
q/kFi
×1
2
[
ln
∣∣∣∣x− ηi−x+ ηi−
∣∣∣∣− ln ∣∣∣∣x− ηi+x+ ηi+
∣∣∣∣]
(11)
and
Im Π0ii(q, ω;T )
= −pigi
[
ω
vFiq
+
kBT
~vFiq
ln
1 + eβ[η
2
i−εFi−µi(T )]
1 + eβ[η
2
i+εFi−µi(T )]
]
.
(12)
Here β = 1/kBT , F (x, T ) = x[e
β(x2εFi−µi(T )) + 1]−1,
gi =
mikFi
pi2~2 , kFi = (3pi
2ni)
1/3, and ηi± = ωqvFi ±
q
2kFi
.
In Eqs.(11) and (12), T is the effective temperature
of the corresponding carriers in quasi-equilibrium and
conventional notations are used such as mi, kFi, vFi,
εFi, and µi denoting effective mass, Fermi wave num-
ber, Fermi velocity, Fermi energy, and chemical po-
tential, respectively, of a carrier (either electrons or
holes) indicated by subscript i. In Fig.1 real and
imaginary parts of Π0ii(q, ω) (i = e) of a conduction
electron plasma is illustrated in the ω–q plane for the
carrier density of 2× 1019cm−3 at effective tempera-
ture Teff=25 K. Each inset illustrates the wave num-
ber dependence of Re Π0ii(q, ω) and Im Π0ii(q, ω), re-
spectively, for representative frequencies at 25 K and
300 K. Carriers within the Fermi sea can be excited
to states outside the Fermi sea, and single-particle
excitations of free electrons or free holes are the only
processes for the energy and momentum dissipation,
since the effects of carrier screening is completely
neglected in Π0ii(q, ω) [17]. Real part of the nonin-
teracting polarization function Re Π0ii(q, ω) shows a
broad valley structure within the single-particle exci-
tation continuum at small frequency ω  ωLO for
q < qsc and a peak structure of moderate width
along the upper boundary of the continuum. The
line of Re Π0ii(q, ω) = 0 lies in the continuum re-
gion of the single-particle excitations and, at small q,
Re Π0ii(q, ω) changes sign from negative to positive
as ω increases sweeping across the continuum region.
On the other hand, Im Π0ii(q, ω) is finite and nega-
tive inside the continuum region of the single-particle
excitations showing a sharp dipped structure along
the zero line of Re Π0ii(q, ω).
Since we now have all the components of the polar-
ization propagator Πij , the self-consistent interaction
of Eq.(3) can now be written, with δρi’s given by
Eq.(5), as(
V 1et
V 2et
)
=
1
∆
(
1−Π02ψ22 Π02ψ12
Π01ψ21 1−Π01ψ11
)(
V 1ext
V 2ext
)
≡
(
˜−111 ˜
−1
12
˜−121 ˜
−1
22
)(
V 1ext
V 2ext
)
. (13)
Here the 2×2 matrix multiplied to the column of ex-
ternal probe potentials (V 1ext, V
2
ext) on the right hand
side is just the inverse of ‘plasma–test charge’ dielec-
tric tensor ˜ in the 2× 2 space of plasma species and
each component is given by
˜−1ij = δij +
∑
`=1,2
ψi`Π`j . (14)
(Similar description corresponding to the case of spin-
polarized electrons was investigated earlier by one of
us [44].) The intra-species ‘electron–test charge’ di-
electric function ˜ii = 1 − Π0iψii − Π0iψijΠ0jψji/(1 −
Π0jψjj) reduces, in the rpa, to ˜
rpa
ii = 1−vΠ0i /(1−vΠ0j )
and to ˜rpa = 1 − vΠ0i in the case of single species
electron liquid [41]. On the other hand, the inter-
species component ˜ij = ∆/(ψijΠ
0
j ) reduces to ˜
rpa
ij =
1−(1−vΠ0i )/(vΠ0j ) in the rpa and is undefined in the
case of single-species electron system. We find that∑
ij
(˜−1ij − δij) = [(ψ11 + ψ21)Π01 + (ψ22 + ψ12)Π02
−2(ψ11ψ22 − ψ12ψ21)Π01Π02]/∆ (15)
and, hence, that
∑
ij(˜
−1
ij − δij)|rpa = 0 since ψii =
−ψij(i 6= j) in the rpa.
In response to the potential field φext due to an
external test charge ρiext (ρ
j
ext) of electrical charge
ei (ej), another probing test charge would experience
the ‘test charge–test charge’ interaction V itt (V
j
tt) writ-
ten as
V itt(q, ω) = vii(ρ
i
ext + δρi) + vijδρj , (16)
and, similarly, V jtt(q, ω) with the indices i and j in-
terchanged in V itt. In general, the dielectric func-
tion (q, ω) of a material is defined, in terms of
‘test charge–test charge’ interaction, by Vtt(q, ω) =
Vext(q, ω)/(q, ω) [38], and can be extended to a mcp
as follows. On substituting the density fluctuations
δρi’s of Eq.(5) into Eq.(16), V
i
tt and V
j
tt are written,
in terms of V iext and V
j
ext, as(
V 1tt
V 2tt
)
=
(
−111 
−1
12
−121 
−1
22
)(
V 1ext
V 2ext
)
. (17)
Here −1ij ’s are the components of the inverse dielec-
tric tensor −1 of a mcp and are given in terms of
the polarization propagators. The intra- and inter-
species components are expressed, respectively, as
−1ii = 1 + v(Πii − Πji) and −1ij = v(Πij − Πjj) and
can be combined to be written, in general, as
−1ij = δij + (−1)i+j
∑
`=1,2
vj`Π`j . (18)
On substituting Πij ’s of Eqs.(6) and (7) into Eq.(18),
one can obtain, in a mcp, an identity of∑
ij
(−1ij − δij) = 0. (19)
5FIG. 1: (Color Online) Real and imaginary parts of noninteracting polarization functions Π0c(q, ω) of conduction
electron plasma for the carrier density of 2× 1019cm−3 at effective temperature Teff=25 K. Insets illustrate the wave-
number dependence of Π0c(q, ω) for representative frequencies at 25 K and 300 K. Pair of dashed lines denotes the
region of allowed single-particle excitations in a wurtzite GaN.
In the rpa, V jet = V
j
tt and, hence, ˜ij and ij are iden-
tical. If we neglect inter-species correlations (i.e.,
Gij = Gδij as of Hubbard’s local-field correction
[39]), we have
ii = 1− ΛivΠ
0
i
1− ΛjvΠ0j
(20)
and
ij = 1− 1− ΛivΠ
0
i
ΛjvΠ0j
. (21)
Here the vertex function Λi is defined by Λi = [1 −
(ψii−v)Π0i ]−1 generally known as 1/(1+vGiiΠ0i ) [43].
For the case of a single species system, one resumes
−1ii = 1 + vΠ
0
i /(1 − ψiiΠ0i ) giving rise to ii = 1 −
ΛivΠ
0
i . Since Λi → 1 in the rpa, we have rpaij =
1 − (1− vΠ0i )/(vΠ0j ) and rpaii = 1 − vΠ0i /(1 − vΠ0j )
further reducing to rpaii = 1− vΠ0i in a single species
electron gas.
Let us introduce the macroscopic effective dielectric
constant eff of a mcp by equating [
−1
eff (q, ω)− 1]ρext
phenomenologically in the presence of the external
test charge ρext to the net charge density induced in
the plasma as follows [15]
[−1eff (q, ω)− 1]ρext ≡ δρ1(q, ω) + δρ2(q, ω). (22)
Substitution of δρi given by Eq.(2) into Eq.(22) along
with Eqs.(6) and (7) leads us to
−1eff (q, ω)− 1 = v[(Π01 + Π02 −Π01Π02
∑
ij=1,2
ψij ]/∆ (23)
= (−111 − 1) + (−122 − 1) = −(−112 + −121 ),
where the identity of Eq.(19) has been observed in
writing the last equality. In the rpa, rpaeff = 1 −
v(Π01 + Π
0
2), which is the same as that suggested by
Vashishta et al. and others [40, 47]. However, we
note that Vashishta et al. introduced their effective
dielectric constant eff differently. (They defined their
−1eff (q, ω)−1 as
∑
ij(
−1
ij −δij), which vanishes accord-
ing to the identity given by Eq.(19).) Our description
of eff is consistent with that of the Dyson equation
approach. In a multi-component many carrier sys-
tem (consisting of electrons and various holes in the
present case), the effective (dressed) interactions V˜ij
between carriers of types i and j are the solutions
of Dyson equations. For example, in terms of full
retarded (proper) polarization function Π˜` and bare
Coulomb interaction vij , it is written as
V˜ij = vij +
∑
`=e,h
vi`Π˜`V˜`j . (24)
Here the bare Coulomb interaction vij is vq(≡ 4pie2q2 )
for i = j or −vq for i 6= j. The internal Coulomb
interactions of the carriers in the plasma are renor-
malized in exactly the same way as the external po-
tential fields. Dyson equations for dressed Coulomb
interactions V˜ee between conduction electrons (de-
noted by e’s) and V˜eh between an electron and a hole
(denoted by h) are illustrated in Fig. 2. One can
solve the coupled equations of Eq. (24) explicitly for
V˜ee, V˜hh, and V˜eh to write V˜ij = vij/eff confirming
rpaeff (q, ω) = 1− vq
∑
i=e,h Π
0
i (q, ω).
In Fig. 3(a) and (b), dispersive behaviors of the
real part of effective dielectric function eff(q, ω) of
Eq.(23) and rpaeff (q, ω) are shown, respectively, for a
2cp formed of conduction electrons and heavy holes
each with concentration 2 × 1019cm−3 at effective
carrier temperature 25 K. The zero value contours
of Re eff(q, ω) = 0 are indicated with dark solid
lines, each denoting the dispersion curves of high-
frequency ‘optic’ and low-frequency ‘acoustic’ plas-
mon modes. Pairs of dashed and dotted lines in-
dicate the boundaries of allowed single-particle ex-
citation continua for electrons and heavy holes. In
the region of long wavelength and high frequency,
Im Π(q, ω) vanishes (See Fig. 5 below.) and, hence,
6FIG. 2: Dyson equations for the effective Coulomb interaction V˜ij (i = e or h) between carriers in a multi-component
plasma
Im eff(q, ω) = 0 allowing well-defined dissipation-
less self-sustaining collective oscillations. The dif-
ference of Re [eff(q, ω) − rpaeff (q, ω)] is illustrated
in panel (c), and the wave-number dependences of
Re eff(q, ω) and Re rpaeff (q, ω) are compared in panel
(d) for ω = 0.1ωLO. In panel (b), the contour of
Re eff(q, ω) = 0 is indicated by green dotted line
for comparison. In Fig. 3(a), we find that a pair of
plasmon branches are observed in a 2cp, and that op-
tic and acoustic branches are well separated within
the rpa, each damped through single-particle excita-
tions of electrons and holes, respectively. However,
the local-field corrections of carriers modify the plas-
mon branches slightly reducing plasmon frequencies
of both the optical and acoustical branches for given
values of wave number q. We note that, in the 2cp
of ne = 2 × 1019cm−3, the higher frequency electron
plasmon mode of bare frequency ωp,e ' 1.8ωLO is
almost intact and well defined but that the lower fre-
quency plasmon mode of heavier species (heavy holes)
at ωp,hh ' 0.69ωLO is screened by the lighter conduc-
tion electrons giving rise to an acoustic branch, the
latter mode being subject to Landau damping by the
lighter species, since the branch is located well inside
the electron excitation continuum [18]. Dispersive be-
haviors of Im eff(q, ω) and Im rpaeff (q, ω) are shown
in Fig. 4 for a 2cp of conduction electrons and heavy
holes each with concentration 2× 1019cm−3 at effec-
tive carrier temperature 25 K. While Im eff(q, ω)
has a single peaked structure in a ω − q plane for a
scp [17], it reveals double peaked structure each ap-
pearing inside the single-particle excitation continua
of electrons and holes in a 2cp, respectively, right be-
low the upper boundaries of each continuum in the
region of low frequency and long wavelength. The
effects of local-field corrections of the carriers are ap-
preciable only in the region of low frequency and long
wavelength as illustrated in panels (c) and (d) of Fig.
4.
B. Phonon spectral functions
The dielectric screening in many carrier system
gives rise to renormalized electron–phonon coupling
and thus to dressed phonon propagator modifying
the phonon dispersion relations along with phonon
spectral function. In compound semiconductors,
charge carriers couple to phonons via various channels
such as couplings to LO and TO phonons, and also
through acoustic deformation potential and piezoa-
coustic (AP) couplings. The interaction of specific
phonon–carrier coupling (designated by a parameter
j) represented by H
(j)
c−ph is given in Eq.(1).
The phonon spectral function A(q, ω) of a mate-
rial describes the probability distribution of having
phonons with wave number q and frequency ω. The
bare phonon modes in a solid would be modified due
to carrier screening and phonon–plasmon coupling,
and the poles of the dressed phonon propagator deter-
mine the renormalized phonon dispersion relations,
and the effective phonon spectral function of a solid
is, in general, the sum of contributions from each in-
dividual electron–phonon coupling channel such that
A(q, ω) =
∑
jν
Ajν(q, ω). (25)
Here Ajν(q, ω) describes the probability distribution
of having phonons (of jth type) dressed by plasma
species ν and is given, in terms of retarded phonon
propagator Djν(q, ω) for the individual phonon mode,
as [43]
Ajν(q, ω) = − 1
pi
Im Djν(q, ω). (26)
The dielectric screening in many carrier system
gives rise to renormalized electron–phonon coupling
and thus to dressed phonon propagator [48]. This
collisional broadening modifies the phonon disper-
sion relations along with phonon spectral function.
The dressed phonon propagator Djν with collisional
broadening is written, in general, as [33, 35]
Djν(q, ω) =
2ωqj
ω2 − ω2qj − 2ωqj |M (j)q |2 Πνν(q, ω)/~
,
(27)
where ωqj is the bare (undoped crystal) phonon fre-
quency of mode j. Ignoring the phonon renormaliza-
tion, Djν reduces, with an infinitesimal positive η, to
[43]
D
(0)
j (q, ω) =
2ωqj
ω2 − ω2qj + iη
, (28)
giving rise to the well-known bare phonon spectral
function A(0)j (q, ω) = [δ(ω − ωqj) − δ(ω + ωqj)]. In
7FIG. 3: (Color Online) Effective dielectric functions Re eff(q, ω) of two-component plasma formed in a wurtzite
GaN with conduction electron density of 2 × 1019cm−3 at effective carrier temperature 25 K: (a) Re eff(q, ω). (b)
Re rpaeff (q, ω). The contour of Re eff(q, ω) = 0 is denoted in green dotted line for comparison. (c) Re [eff(q, ω) −
rpaeff (q, ω)], and (d) Re eff(q, ω) and Re rpaeff (q, ω) for ω = 0.1ωLO. Pairs of dashed lines denote the corresponding
boundaries of allowed single-particle excitation continuum.
FIG. 4: (Color Online) Effective dielectric functions Im eff(q, ω) of two-component plasma formed in a wurtzite
GaN with conduction electron density of 2 × 1019cm−3 at effective carrier temperature 25 K: (a) Im eff(q, ω). (b)
Im rpaeff (q, ω). (c) Im [eff(q, ω)− rpaeff (q, ω)], and (d) Im eff(q, ω) and Im rpaeff (q, ω) for ω = 0.1ωLO. Pairs of dashed
lines denote the corresponding boundaries of allowed single-particle excitation continuum.
8Eq.(27), Πνν(q, ω) is the full retarded polarization
propagator of each plasma component (distinguished
by ν) given by Eq. (6), and | M (j)q,ν |2 Πνν(q, ω)/~
in the denominator represents the (complex) phonon
self-energy correction Pjν(q, ω)(≡ ∆jν − iΓjν/2) via
polarization function of plasma species ν, which is
known to introduce low energy quantum interfer-
ence branch in the phonon spectral function [16].
The real and imaginary parts of the phonon self-
energy, ∆jν and Γjν , are given, respectively, by
∆jν(q, ω) =|M (j)q,ν |2 Re Πνν(q, ω)/~ and Γjν(q, ω) =
−2 | M (j)q |2 Im Πνν(q, ω)/~, the former describ-
ing the frequency renormalization correction due to
the electronic screening of the long-ranged Coulomb
fields associated with the phonons and the latter be-
ing a measure of phonon lifetime τqj or the width of
the spectral function due to collisional broadening.
Phonon self-energy and, hence, ∆jν and Γjν are also
functions of ω and q, and Im Πνν(q, ω) ≤ 0, in gen-
eral.
Now, the phonon spectral function Ajν(q, ω) is
written as
Ajν(q, ω)
=
ω2qjΓjν(q, ω)
[ω2 − ω2qj − 2ωqj∆jν(q, ω)]2 + [ωqjΓjν(q, ω)]2
.
(29)
The denominator of Ajν(q, ω) can be rewritten, in
terms of phenomenological renormalized phonon fre-
quency ω˜qj and phonon lifetime τqj , as ω
2 − (ω˜qj −
i
2τqj
)2, where ω˜qj satisfies a quadratic equation given
by
ω˜4qj − ω2qj(1 + 2∆jν/ωqj)ω˜2qj − ω2qjΓ2jν = 0 (30)
with τ−1qj =
ωqj
ω˜qj
Γjν . For each phonon mode j, the
electron–phonon interaction introduces the phonon
self-energy to change the bare phonon frequencies ωqj
to the new frequencies ω˜qj with finite lifetime τqj .
Equation (30) gives rise to, along with the renormal-
ized primary mode close to ω˜+jν(q, ω) ' ωqj(1+ 2∆jνωqj +
Γ2jν/ω
2
qj
1+2∆jν/ωqj
)1/2 for 2∆jν ≥ −ωqj , a secondary (low en-
ergy) mode ω˜−jν(q, ω) ' Γjν√|1+ 2∆jνωqj | for 2∆jν < −ωqj
with negative self-energy correction ∆jν(< 0). We
find that the latter mode ω˜−jν would be well-defined
only with finite values of Γjν(q, ω) in the region of
Re Πνν(q, ω) < 0 in the ω − q space. Γjν(q, ω) is
finite only in the ω − q plane of finite Im Πνν(q, ω),
which occurs in the presence of single-particle excita-
tions as is shown in Fig. 5 below. Deep valley with
negative Re Πνν(q, ω) occurs in the (very) low energy
region of high damping inside the single-particle ex-
citation continuum on the ω − q plane.(See Fig. 5(a)
and (b).)
III. RESULTS AND DISCUSSION
In order to illustrate numerical results for the spec-
tral behaviors of dielectric response and phonon spec-
tral functions in an ideal mcp, use has been made of
effective masses me = 0.22m0, mhh = 1.3m0, and
mlh = 0.30m0 of a (simplified) wurtzite GaN with
parabolic bands.
The bare plasma frequencies for carrier concentra-
tion of 2 × 1019cm−3 are ωp,e(∞) ' 153 meV (=
1.68ωLO), ωp,hh(∞) ' 63 meV (= 0.69ωLO), and
ωp,lh(∞) ' 131 meV (= 1.44ωLO) for scp plasmas of
electrons, heavy holes, and light holes, respectively.
In the present work, frequencies and wave numbers
are scaled by the longitudinal bare phonon frequency
ωLO and the Thomas–Fermi screening wave number
qsc, respectively. We consider a simplified nondisper-
sive model of Einstein for bare optical phonons with
ωLO = 92 meV and ωTO = 66 meV(' 0.72ωLO) and
a Debye-type model for bare acoustical phonons of
ωqj = sq in a undoped GaN. Here s is the speed of
sound wave in the material. For a scp, qsc is given,
in terms of particle number density n and the chem-
ical potential µ, by q2sc =
4pie2
∞
∂n
∂µ [49], and we have
q
(e)
sc = 9.2×106cm−1 and q(hh)sc = 2.2×107cm−1 at 25
K and q
(e)
sc = 8.6×106cm−1 and q(hh)sc = 2.1×107cm−1
at 300 K, respectively, for carrier concentration of
2 × 1019cm−3. For a mcp, qsc is written as [18]
q2sc =
4pie2
∞
∑
ν
∂nν
∂µν
, where nν and µν are, respectively,
the particle number density and the quasi chemi-
cal potential of the band occupied by the plasma
species ν. For a 2cp consisting (of conduction elec-
trons and heavy holes) with electron concentration of
2× 1019cm−3, we have qsc = 2.94× 107cm−1 at 25 K
and qsc = 2.54× 107cm−1 at 300 K, respectively.
For a 2pc consisting of conduction electrons and
heavy holes, each species of carrier concentration
2 × 1019cm−3, the spectral behavior of the dressed
polarization function Πrpaνν (q, ω) (ν = e or hh) shown
in Fig. 5 reveals the multi-component character of
the high-frequency optic and low-frequency acoustic
plasmon branches. Boundaries of a pair of single-
particle excitation continua for electrons and heavy
holes are indicated with steeper dashed (for electrons)
and slower dotted (for holes) lines, respectively, and
branches of the optic and acoustic plasmon excita-
tions are clearly distinguished in strong color intensi-
ties. Each inset illustrates the frequency or wave-
number dependence of Πνν(q, ω) at 25 K and 300
K for representative wave number or frequencies, re-
spectively. In a mcp, in addition to the contribu-
tion from the conventional optic plasmon-LO phonon
coupling of the scp such as of doped semiconductors
[11], the contribution from the low-frequency acoustic
collective oscillations occurs [7, 12], as is illustrated
in panels (a) and (c) of Fig. 5 for Re Πe(q, ω) and
Im Πe(q, ω), and in (b) and (d) for Re Πhh(q, ω)
and Im Πhh(q, ω). The mode of acoustic collective
oscillation is expected to be Landau damped due to
single-particle excitations of the lighter mass species
9FIG. 5: (Color Online) Real and imaginary parts of dressed polarization functions, Πνν(q, ω), for conduction electrons
(ν = e) and heavy holes (ν = hh) of concentration 2×1019cm−3 and effective carrier temperature 25 K. Insets illustrate
the frequency or wave-number dependences of Re Πνν(q, ω) for representative values of wave number or frequencies.
Pairs of dashed and dotted lines denote the allowed regions of single-particle excitations for conduction electrons and
heavy holes, respectively, in a wurtzite GaN.
(conduction electrons), since the acoustic branch is
lying within the single-particle excitation regime of
the lighter species of the mcp as clearly demonstrated
in Fig.3. The well defined optic modes dominated
by the lighter species are intact to be clearly seen
in Re Πe(q, ω) and Im Πe(q, ω) occurring at fre-
quencies higher than that of the bare LO phonons
well outside the single-particle excitation continuum.
The longitudinal low-frequency (optic) bare modes
of the heavier species are drastically screened by the
lighter mass species to become acoustic [7]. The low-
frequency acoustic plasmon branch is located outside
single-particle excitations of heavy holes but is more
broadened compared to the optic one. The contribu-
tion of the heavier mass species to dressed Πhh(q, ω)
[panels (b) and (d) of Fig. 5] is very similar to that of
bare polarization functions Π0c(q, ω) given by Eq.(8)
and shown in Fig. 1.
The peak structure of the phonon spectral func-
tion Ajν(q, ω) in the ω-q plane signifies the spec-
tral behavior of renormalized phonon–plasmon cou-
pled branches with collisional broadening. In the
presence of plasmon–phonon coupling, multiple peak
structure is expected in the phonon spectral func-
tion of the material. The mode coupling of LO
phonons and plasmons introduces a pair of branches
named L(+)(ω, q) and L(−)(ω, q), the former (latter)
representing high-frequency (low-frequency) coupled
mode. Detailed analyses of the longitudinal coupled
modes have been reported extensively in the past for
a single-component solid state plasma [50, 51]. In
Fig. 6, the spectral behaviors of the phonon spec-
tral functions Ascpjν (q, ω) in an electron plasma are
illustrated for carrier concentration 2 × 1019cm−3 at
effective temperature 25 K. The contributions of con-
duction electrons or of heavy holes to LO phonon
spectral functions [AscpLOe(q, ω) and AscpLOhh(q, ω)] and
to acoustic phonon spectral functions [AscpADe(ω) andAscpADhh(ω)] are displayed in panels (a) and (b). Con-
tributions to those of TO phonons [AscpTOe(q, ω) andAscpTOhh(q, ω)] and of piezoacoustic deformation poten-
tials [AscpAPe(ω) and AscpAPhh(ω)] are illustrated in (c)
and (d). We note that latter phonon modes are neg-
ligibly sensitive to the presence of longitudinal plas-
mons resulting in narrow peaks near the correspond-
ing bare phonon frequencies ωTO and ωAC(∼ sq) due
to the absence of density fluctuations accompanied by
the macroscopic electric fields associated with these
nonpolar TO and acoustic modes. For the case of
highly doped light-mass conduction electron plasma
(of ne = 2 × 1019cm−3 and ωp,e  ωLO) coupled
with LO phonons [panel (a)], the L(+)(ω, q) branch
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FIG. 6: (Color Online) Phonon spectral function Ascpjν (q, ω) of a single-component plasma formed by conduction
electrons [(a) and (c)] and heavy holes [(b) and (d)] of concentration 2× 1019cm−3 at effective carrier temperature 25
K. (a) and (b): Contributions from polar optical (LO) phonon and nonpolar acoustic deformation (AD) potential. (c)
and (d): Contributions from nonpolar optical (TO) and polar piezoacoustic (AP) deformation potentials.
of ω˜+(q)(≥ ωp,e) is highly plasmon-like with pro-
nounced dispersion, but the L(−)(ω, q) mode ω˜−(q)
shows strong phonon-like behavior with broad peaks
for frequencies between ωLO > ω > ωTO. Near q = 0,
the coupled phonon–electron plasma branches begin
with frequencies ω˜− ≈ 0.7ωLO and ω˜+ ≈ 1.7ωLO.
We observe that, when ωp,e  ωLO, long-ranged
Coulomb part of the LO mode is completely screened,
in the long wave length limit, by the light-mass
species (conduction electrons) becoming ω˜−(q) →
ωTO(' 0.72ωLO). The maximum in Ascpjν (q, ω) of the
phonon-like coupled branch of ω˜−(q) appears at fre-
quencies between ωTO and ωLO approaching asymp-
totically to ωLO subject to Landau damping as the
wave number is increased [7]. The higher frequency
plasmon-like coupled branch of ω˜+(q) starts at q = 0
with ωp,e(∼ 1.7ωLO) showing strong dispersive be-
havior of relatively weaker strength.
On the other hand, for the case of heavy-mass
hole plasma (of nhh = 2 × 1019cm−3 and ωp,hh 
ωLO) coupled with LO phonons [panel (b)], the
L(+)(ω, q) branch is highly phonon-like starting
ω˜+(q → 0) ∼ ωLO, while the plasmon-like L(−)(ω, q)
coupled branch starts at q = 0 with ω˜−(0) ∼
0.4 ωLO ( ωTO) and approaches asymptotically to
ωLO. The latter heavy-mass species–phonon coupled
mode shows larger broadening compared to the case
of light-mass (electron) plasma [panel (a)]. The max-
imum in Ascpjν (q, ω) of the phonon-like L(+)(ω, q) cou-
pled branch shows non-dispersive behavior of frequen-
cies ∼ ωLO with very minor strength. The behav-
ior of L(+)(ω, q) branch reflects the fact that, since
ωp,hh < ωLO, the heavier mass hole plasma of low
bare frequency is not fast enough to screen effectively
the long-ranged Coulombic part of the LO oscillation,
while the phonon gas is fast enough to screen the hole
plasma depressing the plasmon oscillations [35]. The
L(−)(ω, q) plasmonic branch is located in the region
of quasi-static screening due to ωp,hh  ωLO. Within
the continuum region of single-particle excitations,
modes are broadened and ill-defined because they are
subject to Landau damping. For large wave num-
bers outside the single-particle excitation continuum,
the screening is ineffective and, hence, effectively bare
modes are resumed with sharp peaks. The frequency
of the coupled LO modes tends to ωLO for q  qsc.
(See panels (a) and (b) of Fig. 6.)
In a multi-component solid state plasma, the
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FIG. 7: (Color Online) Effective phonon spectral function A(q, ω) of a two-component plasma with conduction electron
concentration of 2× 1019cm−3. (a) and (b): Dressed phonon spectral function at effective carrier temperatures 25 K
and 300 K. (c) and (d): Cross-sectional view of species-resolved phonon spectral function Aν(q, ω) (ν = e, hh) at four
different values of wave number q. Contributions via electron-phonon coupling channels of polar (LO) and nonpolar
(TO) optical phonons, and of piezoacoustic (AP) and nonpolar acoustic deformation (AD) potentials are summed.
phonon spectral function would reveal multi-
component features of the plasma – multiple sets of
phonon–plasmon coupled modes – and their spec-
tral behavior would become so involved to be re-
solved in the same way as the case of the scp. For
optically generated plasmas of weak excitation hav-
ing not too much carrier concentration, for exam-
ple, ∼ 1019cm−3, one can have a 2cp consisting of
conduction electrons and heavy holes. In Fig. 7
the effective phonon spectral function A(q, ω) of a
2cp is shown for conduction electron concentration of
2 × 1019cm−3 at effective carrier temperatures 25 K
and 300 K, respectively. Species-resolved frequency
dependences are displayed separately in panels (c)
and (d) at 25 K and 300 K for the purpose of spec-
tral analysis. The cross-sectional view of Ae(q, ω)
and Ahh(q, ω) are illustrated for four different val-
ues of q. Two sets of LO phonon–plasmon coupled
modes (ω˜±) are seen in addition to the TO modes
of ωTO ' 0.72ωLO. Boundaries of allowed single-
particle excitations for electrons (holes) are desig-
nated by a pair of dashed (dotted) lines in each figure.
At ne = 2× 1019cm−3, the bare plasmon frequencies
are ωp,e(∞) = 1.68ωLO and ωp,hh(∞) = 0.69ωLO
for the electrons and heavy holes, respectively, well
separated from both optical phonon modes L(+) and
L(−). In a 2cp, there occur both optic and acoustic
plasmons, and thus one can expect not only the in-
dividual LO phonon–optic plasmon coupled spectral
behaviors of lighter and heavier species as illustrated
in panels (a) and (b) of Fig. 6, but also the con-
tribution from the acoustic plasmon modes [7, 15].
Our result shows that the multiple plasma species
give substantial influence on the spectral behavior of
the phonon spectral function. Couplings of conduc-
tion electrons and heavy holes to both optical and
acoustical phonon spectral functions appear simulta-
neously in the case of 2cp. In panels (a) and (b),
contributions to the spectral functions AADν(q, ω) of
the deformation-potential induced acoustic phonon
and AAPν(q, ω) of piezoacoustic Coulomb interaction
are also illustrated showing sharp peaks around the
low-frequency bare ωAC(q). For the case of piezo-
electricity induced Coulomb interaction, AAPν(q, ω)
shows little but slightly enhanced collisional broaden-
ing compared to AADν(q, ω) of acoustic deformation-
potential mechanism. The spectral intensity for
the high-frequency plasmon-like ω˜
(e)
+ (q) conduction
electron–phonon couples modes shows strong disper-
sive behavior starting with ωp,e(∼ 1.7ωLO) at q = 0
and approaching the boundary of electronic single-
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FIG. 8: (Color Online) Spectral behaviors of effective phonon spectral functions A(q, ω) of a two-component plasma
(2cp) having conduction electron concentration of 3 × 1019cm−3 and of a three-component plasma (3cp) having con-
duction electron concentration of 5 × 1019cm−3 at effective carrier temperature 25 K. (a) and (b): Phonon spectral
functions of A(q, ω). (c) and (d): Cross-sectional view of species-resolved A2cpν (q, ω) (ν = e, hh) and A3cpν (q, ω)
(ν = e, hh, lh) at three different values of q. Contributions via electron–phonon coupling channels of polar (LO) and
nonpolar (TO) optical phonons, and of piezoacoustic (AP) and nonpolar acoustic deformation (AD) potentials are
added.
particle excitation continuum. The spectral intensi-
ties for phonon-like coupled branches of ω˜
(e)
− (q) and
ω˜
(hh)
+ (q) are of very weak dispersion with peaks at fre-
quencies close to ωLO and ωTO. Both branches show
very sharp peak structures and vanish for the wave
numbers beyond q ' 1.5 qsc. For the low-frequency
plasmon-like ω˜
(hh)
− (q) phonon–heavy hole plasma cou-
pled mode, we understand that the spectral intensity
of the mode is strongly suppressed because the low-
frequency heavy-mass species plasma oscillation is so
heavily screened by the light-mass species (conduc-
tion electrons) that the self-sustaining oscillations of
hole plasmons are not permitted any more in this
quasi-static region [52]. We conjecture that addi-
tional little spectral strength with some broadening
near the zero frequency peaked at around q/qsc ∼ 0.2
is the so-called QPE-like branch [11], which appears
in the region of finite Im Πνν and Re Πνν < 0 in-
side the continuum of single-particle excitations. We
observe that individual dressed branches are well re-
solved with slight overlap as seen in the panels (c)
and (d).
In Fig. 8, spectral behaviors of effective phonon
spectral functions A(q, ω) are compared for the cases
of 2cp having conduction electron concentration 3 ×
1019cm−3 [panels (a) and (c)] and of three-component
plasma (3cp) having conduction electron concentra-
tion 5 × 1019cm−3 [panels (b) and (d)] at effec-
tive carrier temperature 25 K. The contributions via
electron–phonon coupling channels of polar LO and
nonpolar TO phonons, and of piezoacoustic and non-
polar acoustic deformation potentials are summed.
Cross-sectional views of A2cpν (q, ω) (ν = e, hh) for
3 × 1019cm−3 and A3cpν (q, ω) (ν = e, hh, lh) for
5 × 1019cm−3 are illustrated in panels (c) and (d),
respectively, at four different values of wave num-
ber q. In a mcp of increased carrier concentra-
tions, the compressive (optical) plasmon-like coupled
modes begin with higher frequencies (for example,
ω ≥ 3ωLO for 3× 1019cm−3) at q = 0, and the corre-
sponding branches of very weak strengths are seen at
ω ∼ 3.2ωLO for 3×1019cm−3 [panels (a) and (c)] and
ω ∼ 4.2ωLO for 5×1019cm−3 [panel (d)] at q ' 0.2qsc.
At 25 K, qsc = 3.15×107cm−1 (3.49×107cm−1) for an
electron-hole plasma of conduction electron concen-
trations 3 × 1019cm−3 (5 × 1019cm−3). The spectral
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FIG. 9: (Color Online) Species-resolved phonon spectral function ALOν(q, ω) (ν = e, hh, lh) of a three-component
plasma formed by conduction electrons of concentration 5×1019cm−3, heavy holes of concentration 4.968×1019cm−3,
and light holes of concentration 3.2× 1017cm−3 at effective carrier temperature 25 K. (a) Contributions of conduction
electron plasmon-LO phonon coupling. (b) Contributions of heavy hole plasmon-LO phonon coupling. (c) Contribu-
tions of light hole plasmon-LO phonon coupling.
FIG. 10: (Color Online) Species-resolved phonon spectral function ATOν(q, ω) (ν = e, hh, lh) of a three-component
plasma formed by conduction electrons of concentration 5×1019cm−3, heavy holes of concentration 4.968×1019cm−3,
and light holes of concentration 3.2 × 1017cm−3 at effective carrier temperature 25 K. (a) Contributions of conduc-
tion electron plasmon–TO phonon coupling. (b) Contributions of heavy hole plasmon–TO phonon coupling. (c)
Contributions of light hole plasmon–TO phonon coupling.
behavior shown in panels (a) and (c) for 3×1019cm−3
is very similar to a weakly excited case of 2×1019cm−3
shown in Fig. 7(a) and (c), except the fact that the
branch ω˜
(e)
+ (q) occurs at much increased frequency,
for example, ω ∼ 3.2 ωLO at q ' 0.2qsc. For a
photo-generated 3cp having conduction electrons of
5 × 1019cm−3 at effective carrier temperature 25 K,
the charge carriers of the plasma can be resolved into
conduction electrons of concentration 5 × 1019cm−3,
heavy holes of concentration 4.968 × 1019cm−3, and
light holes of concentration 3.2× 1017cm−3. Species-
resolved phonon spectral function ALOν(q, ω) and
ATOν(q, ω) of a 3cp (ν=e, hh, and lh) with conduc-
tion electron concentration 5×1019cm−3 are displayed
in Figs. 9 and 10. Boundaries of each individual al-
lowed single-particle excitations are designated by a
pair of dashed lines in each panel. It is seen that, with
the present choice of sample parameters, the effects
of collisional broadening through carrier screening are
not significant on the nonpolar phonon spectral func-
tions ATOν(q, ω) (ν = e, hh, lh) and ALOlh(q, ω) be-
cause of very low concentration of light hole carriers.
In Fig.11, the frequency and wave-number depen-
dences of phonon self-energy correction PLOe(q, ω)[≡
∆LOe(q, ω) − iΓLOe(q, ω)/2] are shown at 25 K and
300 K, respectively, for a photo-generated 2cp formed
of conduction electrons and heavy holes each with
concentration 2 × 1019cm−3. Contributions of the
light-mass species (conduction electrons) ∆LOe(q, ω)
and ΓLOe(q, ω) are illustrated, respectively, in the ω-q
space. The contours of ∆LOe(q, ω) = 0 are indicated
by thin solid lines in panels (a) and (b). The spec-
tral behaviors of Pjν(q, ω) reveals very much similar
structure as that of the dressed polarization function
Πνν(q, ω) of the plasma species, since ∆jν and Γjν are
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FIG. 11: (Color Online) Phonon self-energy correction PLOe(q, ω)(≡ ∆LOe − iΓLOe/2) in a two-component plasma via
LO phonon–conduction electron coupling for concentration of 2× 1019cm−3 for each species. (a) and (b): Real part of
the self-energy correction ∆LOe(q, ω) at 25 K and 300 K, respectively. (c) and (d): Imaginary parts of the self-energy
correction Γ(q, ω) at 25 K and 300 K, respectively.
proportional to Re Πνν and Im Πνν , respectively.
[See Fig. 5(a) and (c).] The sign of ∆jν(q, ω) is the
same as that of Re Πνν(q, ω). The real part of the
self-energy correction ∆LOe(q, ω) also changes signs
crossing the zeros of Re Πνν(q, ω) with peaks just
above and below the branches of high-frequency op-
tic and low-frequency acoustic plasmon modes. On
the other hand, Γjν(q, ω) is defined to be nonnega-
tive and shows peak structure along the well-defined
high-frequency compressive optic and low-frequency
acoustic plasmon branches near the plasma cut-offs.
We observe that the effect of plasma temperature on
the phonon frequency renormalization [panels (a) and
(b)] is moderate, but the broadening in the self-energy
correction [panels (c) and (d)] is more pronounced at
higher temperature as was also seen in the case of the
spectral function A(q, ω) illustrated in Fig. 7(a) and
(b). The phonon self-energy corrections PLOe(q, ω)
of a photo-generated mcp for two different conduc-
tion electron concentrations ne = 3 × 1019cm−3 and
5× 1019cm−3 at 25 K are given in Appendix B. (See
Fig. 14.) In the case of conduction electron con-
centration 3 × 1019cm−3 [panels (a) and (c) of Fig.
14], the plasma consists of conduction electrons and
heavy holes forming a 2cp and the spectral behavior
of phonon self-energy correction PLOe(q, ω) is very
close to that of conduction electron concentration
2×1019cm−3 shown in Fig. 11. Compelling difference
is that the bare frequencies of both optic and acoustic
plasmon modes are increased accordingly in a mcp as
the carrier concentration is increased. For a plasma
of conduction electron concentration 5 × 1019cm−3,
the light hole band is also occupied becoming a 3cp
of nhh = 4.968×1019cm−3 and nlh = 3.2×1017cm−3.
Panels (b) and (d) of Fig. 14 illustrate the spectral
behavior of ∆jν and Γjν , respectively, of a 3cp with
conduction electron concentration ne = 5×1019cm−3.
The effect of light hole carriers onRe Πee and Im Πee
and, thus, to the LO phonon self-energy corrections
∆LOe and ΓLOe are found to be negligible due to rel-
atively too small concentration of light holes.
In Fig. 12, spectral behaviors of the renormalized
LO phonon frequencies ω˜+LOe(q, ω) and ω˜
−
LOe(q, ω) are
shown for a photo-generated 2cp of electron concen-
tration 2×1019cm−3 at 25 K and 300 K, respectively.
The primary mode ω˜+LOe(q, ω) occurs in the domain
of 2∆LOe > −ωLO, while the mode ω˜−LOe(q, ω) in the
domain of 2∆LOe < −ωLO only with finite values
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FIG. 12: (Color Online) Spectral behavior of the plasmon–phonon coupled modes ω˜±LOe(q, ω) in a photo-generated
two-component plasma of conduction electron concentrations 2× 1019cm−3 at (a) 25 K and (b) 300 K.
FIG. 13: (Color Online) Cross-sectional view of renormalized phonon modes ω˜+LOe(q, ω) and ω˜
−
LOe(q, ω) for electron
concentrations of 2 × 1019cm−3 (a) and (b): Behavior at representative values of frequency ω at 25 K and 300 K,
respectively. (c) and (d): Behavior at representative values of wave number q at 25 K and 300 K, respectively.
of ΓLOe and negative ∆LOe. The latter mode is ex-
pected to be observable in the case of large ΓLOe. In
Fig. 13, renormalized phonon modes ω˜+LOe(q, ω) and
ω˜−LOe(q, ω) shown in Fig. 12 are resolved for represen-
tative values of frequency ω [panel (a) and (b)] and of
wave number q [panel (c) and (d)], respectively. The
frequency and wave number are scaled by the lon-
gitudinal bare phonon frequency ωLO and Thomas–
Fermi screening wave number qsc, respectively. We
note that ω˜+LOe(q, ω) ' ωLO over most of the do-
main satisfying the condition 2∆LOe(q, ω) > −ωLO in
the ω–q plane except near the regions of well-defined
plasmonic collective modes becoming ω˜+LOe(q, ω) >>
ωLO. Below the small opening gap [as indicated by
white blank in panel (a)] of 2∆LOe(q, ω) < −ωLO,
we observe the secondary mode ω˜−LOe(q, ω) < ωLO
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over the domain designated in the insets. The mode
ω˜−LOe(q, ω) is expected in the region of 2∆LOe(q, ω) <−ωLO with finite values of ΓLOe(q, ω), as shown in
Fig. 11(c) and (d).
Spectral behaviors of the renormalized phonon fre-
quencies ω˜+LOe(q, ω) and ω˜
−
LOe(q, ω) are compared in
Appendix B for a 2cp of conduction electron concen-
trations 3 × 1019cm−3 and a 3cp of 5 × 1019cm−3,
respectively.(See Fig. 15.) The results illustrated in
Fig. 15(a) and (b) are very similar to that of elec-
tron concentration 2× 1019cm−3 shown in Fig. 12(a)
except the shifts in locations of the extrema along
the frequency axis at a given effective carrier tem-
perature. Cross-sectional views of the renormalized
phonon modes ω˜+LOe(q, ω) and ω˜
−
LOe(q, ω) are given
in Appendix B for representative values of frequency
and wave number.(See Fig. 16.) At increased conduc-
tion electron concentration of 5× 1019cm−3, the fre-
quencies of collective modes of plasmon-phonon cou-
pling shift to higher values, but the presence of light
hole carriers of minor concentration is not seen to
give observable effects in the spectral behavior of the
phonon renormalization.
IV. SUMMARY AND CONCLUSION
We have investigated spectral behavior of the di-
electric response and phonon spectral functions of a
mcp in an extended random phase approximation.
The effects of dynamic screening, plasmon–phonon
coupling, and exchange–correlations of the plasma
species are included. We have applied the formula-
tion to the case of a photo-generated electron–hole
plasma formed in an ideal wurtzite GaN, and scatter-
ing channels of various carrier-phonon couplings are
considered. Clear significance of the multiplicity of
the plasma species is shown in the dielectric response
and phonon spectral behaviors of a mcp.
From the comparative study of the responses and
phonon spectral functions of a mcp with that of a
scp, we find following conclusions: Dynamic screen-
ing and plasmon–phonon coupling are essential in un-
derstanding the spectral behavior of phonon spectral
functions in a mcp. The effects of exchange and cor-
relations among the carriers of the plasma are not
seen significant for carrier concentrations ∼ 1019cm−3
shifting slightly down the frequencies of the optic and
acoustic plasmon oscillations in the plasma.
By extending linear response calculation to a mcp,
we have detailed the spectral behavior of the dressed
polarization functions Πµν (ν=e, hh) and examined
plasma species-resolved dielectric functions µν . A
sum rule of
∑
µν(
−1
µν − δµν) = 0 is found and multi-
component character of the plasmonic oscillations
was investigated. From the zeros of the effective di-
electric function Re eff(q, ω) of a 2cp, it is found that
optic and acoustic plasmon branches are well sepa-
rated from each other. Hubbard-like local-field cor-
rections of carriers are found to shift both branches
slightly to reduced plasmon frequencies for given val-
ues of wave number. In a two-component electron–
hole plasma, the higher frequency electron plasmon
mode is almost intact and well defined near the bare
plasma frequency ωp,e. However, the lower frequency
bare plasmon mode of heavier species (heavy holes) at
ωp,hh is heavily screened by the lighter mass species
(conduction electrons) resulting in an acoustic branch
positioned inside the electron excitation continuum,
the latter mode being subject to Landau damping by
the light-mass species. Im eff(q, ω) reveals double
peak structure in a 2cp each peak appearing inside the
single-particle excitation continua of electrons and
holes of the plasma, unlike the case of a scp. The
effects of local-field corrections of the carriers are ap-
preciable only in the region of low frequency and long
wavelength.
Dressed phonon propagators are evaluated in the
ω–q plane and we have demonstrated that the di-
electric screening in many carrier system gives rise
to renormalized electron–phonon coupling modifying
the phonon dispersion relations along with phonon
spectral function. The phonon frequency renor-
malization ∆jν(q, ω) and the phonon broadening
Γjν(q, ω) are analyzed in terms of Re Πνν(q, ω) and
Im Πνν(q, ω), respectively, and it is found that the
effect of plasma temperature on the phonon fre-
quency renormalization is moderate, but the phonon
broadening is more pronounced at higher tempera-
ture. We have demonstrated that the plasmon–LO
phonon coupling gives a pair of branches L(+)(ω, q)
and L(−)(ω, q) and, in a 2cp, two sets of LO phonon–
plasmon coupled modes (ω˜±) are seen. The spec-
tral intensity for the high-frequency plasmon-like cou-
pled mode ω˜
(e)
+ (q) shows strong dispersive behavior
starting with ωp,e at q = 0 and approaching the
boundary of electronic single-particle excitation con-
tinuum. The spectral intensities for phonon-like cou-
pled branches of ω˜
(e)
− (q) and ω˜
(hh)
+ (q) are of very weak
dispersion with peaks at frequencies close to ωLO
and ωTO. The low-frequency plasmon-like coupled
mode ω˜
(hh)
− (q) is strongly suppressed so that the self-
sustaining oscillations of hole plasmons are not per-
mitted any more in this quasi-static region. More-
over, we have observed an additional peak of little
spectral strength at q ∼ 0.2 qsc near the zero fre-
quency in the domain of finite Im Πνν and Re Πνν <
0 inside the continuum of single-particle excitations.
The origin for the little peak is conjectured to be the
so-called QPE-like branch [11]. In a 3cp of conduc-
tion electron concentration 5× 1019cm−3, the effects
of light hole carriers onRe Πee and Im Πee and, thus,
to the LO phonon self-energy corrections ∆LOe and
ΓLOe are found to be negligible due to relatively too
small concentration of light holes. The spectral be-
haviors of the phonon self-energy correction reveals
very much similar structure as that of the dressed
polarization function Πνν(q, ω) of the plasma species.
In conclusion, in a multi-component solid state
plasma, multiple plasma species give substantial in-
fluences on the spectral behavior of the phonon spec-
tral function, which is very distinct from that in a
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scp commonly seen in doped semiconductors. The
results of our computations are suitable for experi-
mental observation, and we hope that the spectral
behaviors demonstrated in the present work would
be confirmed with various energy loss scattering mea-
surements and hot carrier spectroscopies on photo-
generated electron–hole plasmas in polar semiconduc-
tors. Meaningful informations on the spectral behav-
ior of a mcp with thermal and collisional broadening
effects would be obtained by comparing experimen-
tal spectra with the results presented in the present
paper. The acoustic plasmon-like coupled modes of
low frequency at long wavelength may be tested by
ultrasonic measurements.
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Appendix A: Matrix elements of carrier-phonon
coupling
Here we briefly summarize matrix elements of
carrier–phonon coupling channels employed in our
discussion of spectral behavior of phonon spectral
functions. Of various channels of carrier–phonon
scattering, we consider four distinct carrier-phonon
coupling channels would-be important in compound
semiconductors such as wurtzite GaN material [53]:
couplings to polar longitudinal optical (LO) and non-
polar transverse optical (TO) phonons and couplings
through acoustic deformation potential and piezoelec-
tricity.
In polar crystals, the longitudinal modes due to
Fro¨hlich-type Coulombic interaction induces a long
ranged electrical polarization field. For the case of
carrier–polar optical phonon coupling, the squared
coupling matrix element is given by [43]
|MLOq,ν (q)|2 =
4pi~
q2
√
~3ω3LO
2mν
α, (A1)
where α is the dimensionless Fro¨hlich coupling con-
stant α = e
2
~
√
mν/(~ωLO)
(
1
∞
− 10
)
, and ∞ and
0 are, respectively, the optical and static dielec-
tric constants of the material. In GaN, much en-
hanced carrier–polar phonon interaction is expected
due to its higher ionicity giving, for example, the
Fro¨hlich coupling constant α(GaN) ∼ 6α(GaAs) with
ωLO(GaN) ∼ 3ωLO(GaAs) [54]. For crystals lacking
a center of symmetry, acoustic phonons also induce
an electric polarization field giving rise to piezoelec-
tricity through Coulombic interaction. The piezoelec-
tricity is most commonly found in the wurtzite struc-
ture, and the matrix elementMAPq,ν (q) for piezoelectric
acoustic (AP) phonon coupling with frequency ω(q)
and velocity s(q) is given by [35]
|MAPq,ν (q) |2=
2~s(q)
ρνω(q)q22(q)
[∑
ijk
qkek,ijξi(λ, q)qj
]2
.
(A2)
Here ρν , (q), ξ(λ, q), and ek,ij denote the average
mass density, dielectric constant of the material, the
unit vector of the acoustic lattice polarization λ (=
TA or LA), and the piezoelectric coupling constants of
a third rank tensor, respectively [35]. Because strain
modifies local band structure of the material, the de-
formation potentials can also induce carrier–nonpolar
TO and acoustical phonon couplings. The matrix el-
ement MTOq,ν (q) for nonpolar optical phonon coupling
is given, in terms of optical deformation potential, by
[53]
|MTOq,ν (q) |2=
~D2
2ρνωTOV . (A3)
Here D and V are the optical deformation potential
constant and the volume of the sample, respectively.
On the other hand, the matrix element MADq,ν (q) for
acoustical deformation potential scattering is written
as [53, 55]
|MADq,ν (q) |2=
~E2ν q2
2ρνωqV , . (A4)
Here Eν is the deformation potential constants of the
longitudinal acoustical waves for the carriers in the
conduction and valence bands.
Appendix B: Spectral behavior of phonon
self-energy corrections and renormalized phonon
modes of two-component and three-component
plasmas
In a photo-generated electron–hole plasma, the
number of plasma species can be modulated as a
function of the carrier concentration ne in the con-
duction band. For higher values of ne, both va-
lence bands of heavy holes and light holes can be
occupied giving rise to 3cp. For a plasma of con-
duction electron concentration 5 × 1019cm−3, the
light hole band is also occupied becoming a 3cp of
nhh = 4.968 × 1019cm−3 and nlh = 3.2 × 1017cm−3.
Phonon self-energy corrections PLOe(q, ω) of a photo-
generated mcp for two different conduction electron
concentrations ne = 3× 1019cm−3 and 5× 1019cm−3
at 25 K are given in Fig. 14. In the case of conduction
electron concentration 3 × 1019cm−3 [panels (a) and
(c) of Fig. 14], the plasma consists of conduction elec-
trons and heavy holes forming a 2cp and the spectral
behavior of phonon self-energy correction PLOe(q, ω)
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FIG. 14: (Color Online) Phonon self-energy corrections PLOe(q, ω)(≡ ∆LOe − iΓLOe/2) for a two-component plasma
and a three-component plasma at 25 K. (a) and (c): Real and imaginary parts of the self-energy correction for a
two-component plasma with conduction electron concentration 3× 1019cm−3. (b) and (d): Real and imaginary parts
of the self-energy correction for a three-component plasma with conduction electron concentration 5× 1019cm−3.
is very close to that of conduction electron concentra-
tion 2 × 1019cm−3 shown in Fig. 11. Noticeable dif-
ference is that the bare frequencies of both optic and
acoustic plasmon modes are increased accordingly in
a mcp as the carrier concentration is increased. Pan-
els (b) and (d) of Fig. 14 illustrate the spectral behav-
ior of ∆jν and Γjν , respectively, of a 3cp with conduc-
tion electron concentration ne = 5 × 1019cm−3. The
effect of light hole carriers onRe Πee and Im Πee and,
thus, to the LO phonon self-energy corrections ∆LOe
and ΓLOe are found to be negligible due to relatively
too small concentration of light holes.
Spectral behaviors of renormalized phonon fre-
quencies ω˜+LOe(q, ω) and ω˜
−
LOe(q, ω) are compared in
Fig. 15 for a 2cp of conduction electron concen-
trations 3 × 1019cm−3 and a 3cp of 5 × 1019cm−3,
respectively. In panel (b), boundaries of the con-
tinuum of single-particle excitations for light holes
are indicated by a pair of dash-dotted lines. The
frequency and wave number are scaled by the lon-
gitudinal bare phonon frequency ωLO and Thomas–
Fermi screening wave number qsc, respectively. For a
photo-generated plasma with electron concentration
5 × 1019cm−3, the presence of additional carriers of
concentration 3.2 × 1017cm−3 in the light hole band
gives rise to the third species making the plasma a
three-component one. The results illustrated in Fig.
15(a) and (b) are very similar to that of electron con-
centration 2× 1019cm−3 shown in Fig. 12(a), the lo-
cations of the extrema are shifted along the frequency
axis at a given effective carrier temperature. In Fig.
16, cross-sectional views of the renormalized phonon
modes ω˜+LOe(q, ω) and ω˜
−
LOe(q, ω) shown in Fig. 15 are
illustrated for representative values of frequency and
wave number. In panels (a) and (b), the wave-number
dependences of ω˜±LOe(q, ω) are shown for constant val-
ues of frequency ω at 25 K, while the frequency de-
pendences at representative values of wavenumber q
are shown in panels (c) and (d) for electron con-
centrations of 3 × 1019cm−3 and 5 × 1019cm−3, re-
spectively. For conduction electron concentration of
5×1019cm−3, the frequencies of plasmon–phonon cou-
pled modes shift to higher values, but the presence of
light hole carriers of minor concentration is not seen
to give observable effects in the spectral behavior of
the phonon renormalization.
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FIG. 15: (Color Online) Spectral behavior of the renormalized phonon frequencies ω˜±LOe(q, ω) in a photo-generated
plasma at 25 K of conduction electron concentrations (a) 3× 1019cm−3 and (b) 5× 1019cm−3.
FIG. 16: (Color Online) Wave-number and frequency dependences of renormalized phonon modes ω˜±LOe(q, ω) at 25
K. (a) and (b): Behavior for representative values of frequency ω for electron concentrations of 3 × 1019cm−3 and
5×1019cm−3, respectively. (c) and (d): Behavior for representative values of wave number q for electron concentrations
of 3× 1019cm−3 and 5× 1019cm−3, respectively.
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